We study amenability of affine algebras (based on the notion of almost-invariant finite-dimensional subspace), and apply it to algebras associated with finitely generated groups.
Introduction
Amenability of groups was introduced in 1929 by Von Neumann [5] : This notion may serve as a witness to the "structure" of groups: either a group is amenable, in which case it admits a left-translation invariant finitely additive measure, or it is non-amenable, in which case it admits a "paradoxical" decomposition in finitely many pieces, which can be reassembled by left-translation in two copies of the original group; see [8] . Although the definition of amenability extends verbatim to semigroups, no such dichotomy is known in that case. 1 1.1. Amenable algebras. The present note explores the notion of amenability for affine (i.e. finitely generated associative unital) algebras, which appeared in [1, 2] . Throughout this note, K denotes an arbitrary field -although the results extend easily to integral domains. Definition 1.2 (Gromov, [2, §1.11]). Let R be an affine K-algebra. It is [right] amenable if there exists an exhaustion of R by finite-dimensional subspaces W 0 ⊆ W 1 ⊆ · · · with, for all r ∈ R,
Similarly, R is left amenable if the same formula holds with rW n in place of W n r.
These subspaces W n are called asympotically invariant. We prove the following result in §3: The "only if" part is claimed in [1] , where the "if" part is proven in case K = C. M. Gromov pointed out [3] that the "if" part admits a simple proof if K has characteristic 0.
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Convex sets
We recall the notion of Steiner point of a convex polytope [4, §14.3]. Let V be a convex polytope in R n , and let X be its set of extremal points. For
It is an element of V , since it is a convex combination of V 's extremal points.
∡(x, V ) is called the exterior angle of V at x. Note that if W is obtained from V by truncating it near x by an intersecting hyperplane, with the extremal point x ∈ V splitting into the extremal points x 1 , . . . , x p ∈ W , then Let F be a subspace of the vector space K n . For any S ⊆ {1, . . . , n}, let π S : K n → K S denote the projection (v 1 , . . . , v n ) → (v i ) i∈S . Let e i be the ith basis vector in R n , and set
Proof. The only non-trivial statement is that V F is non-empty. Choose a projection η : K n → F , choose a basis (b 1 , . . . , b n ) of K n , and let S ⊆ {1, . . . , n} be such that (η(b i )) i∈S is a basis of F . Then i∈S e i ∈ X F .
Again for F a subspace of K n , let m F = m(V F ) denote the Steiner point of V F . Note that m F 1 = dim K F . We will need the following technical
Proof. By an obvious induction argument it suffices to consider F = E ⊕ Kv for some vector v ∈ K n . Let X denote the extremal points of V E , and let Y denote the extremal points of V F . For ε ∈ [0, 1], set
and let V ε denote the convex hull of X ε . For ε < 1, let α ε : X ε ։ X be the map
The facets of V ε are either parallel to facets of V E , or are spanned by subsets of α −1 ε (x) for some x ∈ X. We therefore have
as in (1). It then follows that
The conclusion holds for m(V 1 ) = m F by continuity of m, see Proposition 2.1.
Proof of Theorem 1.3
We recall that there are sundry equivalent definitions of amenability for groups:
Lemma 3.1. Let G be a group. The following are equivalent:
(1) G is amenable;
(2) for every ǫ > 0 and any finite subset S of G, there exists a finite subset F of G such that #(F ∪ F S) − #F #F < ǫ;
(3) for every ǫ > 0 and any finite subset S of G, there exists a finite subset F of G such that #(F ∪ F s) − #F #F < ǫ for all s ∈ S;
(4) for every ǫ > 0 and any finite subset S of G, there exists f :
The proofs are classical, and can be found, e.g., in [6, Theorems 4.4, 4.10, 4.13] .
Similarly, there are various equivalent definitions of amenable algebras:
Lemma 3.2. Let R be an affine algebra. The following are equivalent:
(1) R is amenable;
(2) for every ǫ > 0 and any finite-dimensional subspaces S, U of R, there exists a finite-dimensional subspace F of R, containing U , such that
(3) for every ǫ > 0 and any finite-dimensional subsets S, U of R, there exists a finite-dimensional subspace F of R, containing U , such that
Proof. The proof follows, mutatis mutandis, any classical proof of Lemma 3.1. Assume first that R is amenable, exhausted by a sequence W n . Let there be given ǫ > 0 and S, U finite-dimensional subspaces of R. Choose then a basis {r 1 , . . . , r d } of S, and let n be large enough so that W n contains U and dim K (W n + W n r i )/ dim K W n < 1+ǫ/d for all i ∈ {1, . . . , d}. Then dim K (W n +W n S)/ dim K W n < 1 + ǫ, so (2) holds with F = W n .
Obviously, (3) follows from (2) . Finally, assume (3) and let (r 1 , r 2 , . . . ) be a basis of R. Set W 0 = 0, and for every n ≥ 1 let F n be a finite-dimensional subspace of R, containing F n−1 , and such that dim K (F n + F n r i )/ dim K (F n ) < 1/n for all i ∈ {1, . . . , n}. This is an exhausting sequence of asymptotically invariant subspaces, showing that R is amenable.
Proof of Theorem 1.3. Suppose first that G is amenable. Let ǫ > 0 be given, and let S be a finite-dimensional subspace of KG. Let S ′ be the support of S, i.e. the union of the supports of all elements of S; it is a finite subset of G. By Lemma 3.1(2) there exists a finite subset F ′ of G with (#(F ′ ∪ F ′ S ′ ) − #F ′ )/#F ′ < ǫ. Set F = KF ′ , a finite-dimensional subspace of KG. We have dim K F = #F ′ and dim K (F S) ≤ #F ′ S ′ , whence dim K ((F + F S)/F ) dim K (F ) < ǫ, so KG is amenable by Lemma 3.2 (2) . For the converse, suppose that KG is amenable. Let ǫ > 0 be given, and let S be a finite subset of G. Set S ′ = KS and, using Lemma 3.2(3), let F be a finitedimensional subspace of KG such that dim K ((F + F s)/F )/ dim K (F ) < ǫ/2 for all s ∈ S. Set f = m F as defined before Lemma 2.3. We have dim K ((F + F s)/F ) < ǫ/2 dim K (F ), so m F +F s − m F 1 < ǫ/2 dim K (F ) by Corollary 2.4; and similarly m F +F s − m F s 1 < ǫ/2 dim K (F s). Now dim K F = dim K (F s) = f 1 , so we get
and therefore G is amenable by Lemma 3.1(4).
